The exact solutions of the complete Dirac equation for fermions moving in Aharonov-Bohm rings are used for deriving the exact expressions of the relativistic partial currents. It is show that only in the non-relativistic limit these currents can be related to the derivative of the fermion energy with respect of the flux parameter. A specific relativistic effect is the saturation of the partial currents for large values of the total angular momentum. Based on this property, the total relativistic persistent currents at T = 0 are evaluated exactly pointing out how these currents depend on the ring parameters.
Introduction
The electronic effects in mesoscopic rings were studied by using the nonrelativistic quantum mechanics [1] - [10] based on the Schrodinger equation with additional terms describing the spin-orbit interaction [11] - [16] . In other studies [17] - [21] , the relativistic electrons near Fermi surface are described using the (1 + 2)-dimensional Dirac equation based on a restricted threedimensional Clifford algebra. However, in this manner one restricts simultaneously not only the orbital degrees of freedom but the spin ones too, reducing them to those of the SO(1, 2) symmetry. For this reason, there are situations when it is convenient to use the complete (1+3)-dimensional Dirac equation restricting the orbital motion, according to the concrete geometry of the studied system, but without affecting the natural spin degrees of freedom described by the SL(2, C) group. Thus the polarization effects could be better pointed out. Nevertheless, the complete Dirac equation was only occasionally used for investigating some special problems of the fermions in external Aharonov-Bohm (AB) field as for example the spin effects in perturbation theory [22, 23, 24] , the behavior of the AB fermions in MIT cylinders [25] and even AB dynamics using numerical methods.
The persistent currents in AB quantum rings were recently studied starting with the complete Dirac equation but focusing on the total persistent current in the non-relativistic limit without analysing the properties of the relativistic partial or total currents [27] . In the non-relativistic limit the partial current (of fermions with a given total angular momentum) in AB rings is proportional to the derivative of the non-relativistic energy with respect to the flux parameter. Here we show that this rule is no longer valid in the exact relativistic approach based on the complete Dirac equation such that the problem of the persistent currents must be reconsidered. For this reason, we would like to revisit this conjuncture pointing out some important mathematical details that allow us to evaluate the relativistic persistent currents at T = 0.
We discuss this topics showing first that the solutions of the Dirac equation in the AB ring are determined as common eigenspinors of a complete systems of commuting operators including the energy, total angular momentum and a specific operator analogous to the well-known Dirac spherical operator of the central problems. These solutions can be normalized with respect to the relativistic scalar product obtaining thus the system of normalized fundamental solutions that allow us to write down the exact relativistic partial currents in these devices. The general expressions of these currents are dramatically different from the non-relativistic ones even though in the non-relativistic limit these tend to the familiar formulas involving the derivative of the non-relativistic energy [27] . More precisely, the relativistic partial currents have a complicated dependence on the flux parameter presenting, in addition, saturation for large values of the total angular momentum. Thanks to this property we can derive the specific form of the total persistent currents at T = 0 outlining thus the complete theory of the relativistic fermions in AB rings.
The paper is organized as follows. In the second section we present the relativistic theory of the fermions in AB rings based on the complete Dirac equation deducing the form of the normalized spinors. The next section is devoted to the properties of the partial currents while in the third one we discuss the relativistic version of the total persistent currents. Finally we briefly present our conclusions.
Dirac fermions in AB rings
Let us start considering Dirac fermions moving on a ring of radius R whose axis is oriented along the homogeneous and static external magnetic field B. The Dirac equation
of a fermion of mass M and charge e, minimally coupled to the corresponding electromagnetic potential, A 0 = 0 and A = 1 2
B ∧ x, can be written in cylindrical coordinates (t, x) → (t, r, φ, z) with the z axis oriented along B. Then we can impose easily the conditions r = R, z = 0, ∂ r ψ = 0 and ∂ z ψ = 0 which restrict the fermion to move on the considered ring. Then we obtain the specific Dirac operator
where
while β = 1 2 eBR 2 denotes the usual dimensionless flux parameter (in natural units).
The operator E D commutes with the energy operator H = i∂ t and the third component, J 3 = L 3 + S 3 , of the total angular momentum, formed by the orbital part L 3 = −i∂ φ the spin one S 3 = 1 2 diag(σ 3 , σ 3 ). Therefore, we have the opportunity to look for particular solutions of the form
which satisfy the eigenvalue problems,
and
laying out the energy E and the angular quantum number λ = ± 1 2
, .... The normalization constant N has to be determined after we solve the remaining system that in the standard representation of the gamma matrices (with diagonal γ 0 ) reads
This system has non-trivial solutions only for the discrete values of energy
where the last term is due to the AB effect. For each value E λ we find two particular solutions for which
where ξ σ are the usual Pauli spinors of polarization σ = ± with respect to the z axis,
Then, we find that for σ = 1 2 the spinors (4) take the form
while for σ = − we obtain the solution
The normalization constants have to be calculated with respect to the relativistic scalar product
One can verify that the orthogonality relations,
hold if we take
Hence we obtained a pair of fundamental solutions of the same energy and total angular momentum which are not eigenspinors of the operators L 3 or S 3 . Then we may ask how these solutions can be defined as different eigenspinors of a new operator. The answer is obvious if we observe that the desired operator is K = 2γ 0 S 3 which satisfies KU
The conclusion is that the spinors U ± λ are common eigenspinors of the complete set of commuting operators {E D , H, K, J 3 }.
The operator K introduced above is the analogous of the spherical Dirac operator that concentrates the angular variables of the Dirac equation in external fields with central symmetry. On the other hand, its eigenvalues give the polarization in the non-relativistic limit. For this reason we keep this terminology considering that the eigenvalues κ = ±1 of the operator K define the fermion polarization with respect to the direction of the magnetic field B. Therefore, we may speak about fermions with spin 'up' (+) or 'down' (-).
Partial currents
Using the above results we can calculate the exact relativistic expressions of the partial currents on quantum rings, pointing out the differences among the genuine relativistic results we derive below and those obtained in the non-relativistic theory.
Let us start with the quantum rings, where the states of the fermions of energy E λ are given by the normalized linear combinations
In such states the expectation value of the polarization operator,
shows that for the unpolarized fermions we must take |c
. The corresponding currents coincide in this case with the current densities, I λ = R ψ λ γ φ ψ λ that can be calculated with the help of the matrix (3). Then, we observe that
such that we obtain the partial current of a fermion of energy E λ as
Thus in a state of fixed λ the current is the sum of the currents produced by the fermions with spin up and down, respecting the superposition principle guaranteed by the absence of the interference terms (18). The exact relativistic expressions of the partial currents we obtained here exhibit a more complicated dependence on the magnetic flux than in the usual non-relativistic case. Indeed, if we replace the energy (8) in Eqs. (20), we observe that the partial currents take the general form
where the functions
depend only on the new dimensionless parameters ν = β + λ and µ = M R (or M Rc/ in usual units). These functions have the remarkable symmetry properties χ ± (µ, −ν) = −χ ∓ (µ, ν) and the asymptotic behaviour
which shows that the partial currents are saturated as in Fig. (1) . In practice one tries to measure the unpolarized currents
depending on the skew-symmetric functions χ(µ, ν) =
, that have the same asymptotes at ±1. We note that for small values of ν this function can be expanded as
when µ > 10.
The above results are in contrast with the non-relativistic approximation where the non-relativistic energy reads [27] 
while the partial currents take the form
such that the unpolarized non-relativistic current satisfies the identity
we used in [27] for deriving the total persistent current in the non-relativistic limit. Thus we observe that the principal difference is that the relativistic currents (24) are saturated (as in Fig. 1 ) while in the non-relativistic case the function χ(µ, ν) is replaced by the linear function ν µ of Eq. (28) that for µ > 10 is very close to the tangent in ν = 0 of the function χ(µ, λ), as we deduce from Eq. (25) . Now we can ask in which conditions the non-relativistic approximation can be used with a satisfactory accuracy. Obviously, this is appropriate only in the domain where the function χ(µ, ν) is approaching to the linear function ν µ . Our numerical evaluations show that for µ > 10 this domain can be identified as being − In addition, by using the same method, we can estimate that for ν = ±5µ the current is approaching to its saturation value because of the inequalities 0.98053 ≤ |χ(µ, ±5µ)| ≤ 0.98058 that hold for µ ∈ [10, ∞).
Relativistic persistent currents
Let us now calculate the total persistent current at T = 0 in a semiconductor ring of parameter µ having a even number of electrons N e fixed by the FermiDirac statistics. For the mesoscopic rings with R = 100nm the parameter µ is of the order 10 3 − 10 5 . For example, in a InSb ring of this radius, the effective electron mass is M = m * e = 0.0135 m e [29] such that µ = 3495. This seems to be the minimal value of µ obtained so far but it is possible to reach smaller values in further experiments with mesoscopic rings with R < 100nm or even with nano-rings having R ∼ 10nm.
In all these cases the flux parameter β remains very small (less than 10 −8 ) such that we can neglect the terms of the order O(β 2 ) of the Taylor expansions of our functions that depend on ν = λ + β. The total unpolarized persistent current at T = 0 is given by the sum
over all the allowed polarizations, λ = ± (N e −1). Furthermore, by using algebraic codes under Maple, we can expand the above functions as
is written with the auxiliary notation σ = 4µ 2 + 4λ 2 − 1. We arrive thus at the final form of the relativistic persistent currents
that can be calculated numerically on computers for any concrete value of µ. The function j(µ, λ), defined for any µ ∈ [10, ∞) and λ ∈ (...− , ...), is symmetric, j(µ, −λ) = j(µ, λ), reaches its maximal value 0.0995 for µ = 10 and λ = 1 2 , decreasing then monotonously to zero when µ and λ are increasing to infinity (as in Fig.2 ). This behaviour is a direct consequence of the saturation of the partial currents that compensate each other in the saturation zone where I λ + I −λ → 0. For this reason, in the case of λ F > 5µ, the contribution of the currents with 5µ ≤ λ ≤ λ F is quite small. Therefore, it seems that the relativistic currents depend on λ F only when λ F < 5µ truncates the sum before to reach the saturation domain, eliminating thus significant terms.
These surprising monotony and smoothness properties of the function j(µ, λ) lead to nice results concerning the values of the sum (32b) when we compute all the allowed contributions. Our numerical examples show that the functions c(µ) are monotonously increasing to an asymptotic value, c, indifferent on the summation range determined by λ F . Thus, for λ F = 5µ we find that the function c(µ) is approaching rapidly to its asymptote at c = 0.98058 as in Fig. 3a . We can say that for a large class of mesoscopic rings with such parameters the relativistic persistent current can be satisfactory approximated by the maximal value I max = β πµ . However, when λ F < 5µ, the sum (32b) is truncated and, consequently, the functions c(µ) have asymptotes in lower positions as given in the next table. such that we remain in the linear domain (indicated in Fig. 1b) where we can resort to the nonrelativistic approximation. Bearing in mind the form of the non-relativistic persistent current,Ĩ, we can write [27] 
It is interesting that the relativistic result in this case is c = 0.447213 (see Fig. 3b ) such that we conclude that both these approaches are compatible when λ F ∼ 1 2 µ. However, for larger values, λ F > µ, the relativistic approach is recommended.
Concluding remarks
We outlined here the relativistic theory of the Dirac fermions in AB rings. We found the complete system of the commuting operators determining the fundamental solutions that contains the new operator K which is the analogous of the Dirac spherical operator of the central problems. Thus we derived the polarized spinors that can be normalized with respect to the relativistic scalar product. The corresponding relativistic partial currents have an interesting behaviour for large values of polarization, tending to the saturation value (2πR) −1 which depends only on the ring radius. This property allowed us to derive the total relativistic persistent currents at T = 0.
In our opinion, the form of the relativistic partial current is suitable for estimating the total currents even for T > 0 by using the Fermi-Dirac statistics. This is because in the saturation domain the currents have very small contributions such that the sums become satisfactory convergent and can be easily performed on computers.
Finally, we observe that the relativistic theory based on the complete Dirac equation is able to offer new interesting results in investigating systems of low energy as those of the solid state physics that seemed to be destined exclusively to the non-relativistic quantum mechanics.
